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Abstract
The present paper deals with the axisymmetric vibrations of multi-directional functionally graded circular plate under uniform in-
plane loads resting on elastic foundation. The mechanical properties of the plate material are assumed to vary in both radial and
transverse directions. Generalized differential quadrature method has been employed to obtain the frequency equations from the
differential equation governing the motion of such simply supported plates. The effect of volume fraction index, in-plane force
parameter, foundation parameter, heterogeneity parameter and density parameter has been studied on the natural frequencies of
vibration. The critical buckling loads have been computed. Three-dimensional modes shapes for first three natural frequencies
have been presented.
© 2016 The Authors. Published by Elsevier Ltd.
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1. Introduction
Functionally graded materials (FGMs) are new generation composite materials which were first introduced by a
group of scientists in Japan in 1984 [1] as a means of preparing thermal barrier materials. Since their initiation, these
materials have experienced a rapid development and found many applications in various fields of engineering. In
classic ceramic/metal FGMs, the ceramic phase offers thermal barrier effects and protects the metal from corrosion
and oxidation and the FGM is toughened and strengthened by the metallic constituent.
Due to the wide application of FGM plates in various engineering application, the dynamic behavior of FGM
plates of various geometries has been studied by researchers throughout the world using analytical/numerical
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methods. A particular integration method has been employed by Liu et al. [2] to study the free vibrations of
rectangular FGM plates with in-plane material inhomogeneity. Ritz method has been applied by Uymaz et al. [3] for
the vibration analyses of FGM rectangular plate with in-plane material inhomogeneity on the basis of five-degree-of-
freedom shear deformable plate theory. Bessel functions have been used by Baferani et al. [4] to obtain the exact
solutions for free-vibration analysis of FGM thin annular sector plates resting on elastic foundation. Efforts have
been made by researchers to analyze the effect of in-plane loads on the vibration characteristics of plates of various
geometries. Najafizadeh and Heydari [5] have given exact solution for buckling of FGM circular plates based on
higher order shear deformation theory under uniform radial compression. Lal and Ahlawat [6] have applied
differential transform method to analyze the buckling and free axisymmetric vibration of FGM circular plate. A
differential transform approach for free vibration and modal stress analyses of two-directional functionally graded
circular plates with restrained edges and resting on two-parameter elastic foundations has been developed by Alipour
and Shariyat [7]. Keeping the above in view, this paper presents the axisymmetric vibrations of multi-directional
FGM circular plate resting on elastic foundation under uniform in-plane stressing using classical plate theory. The
material properties are assumed to vary in both radial and transverse directions. Generalized differential quadrature
method has been used to solve the fourth order differential equation. Three-dimensional modes shapes for first three
natural frequencies have been presented. A comparison of results with the existing literature has been given.
2. Mathematical Formulation
Consider an FGM circular plate of radius a, thickness h, mass density and subjected to uniform in-plane tensile
force N0,resting on elastic foundation of modulus kf and referred to a cylindrical co-ordinate system (R, , z). z = 0
being the middle plane of the plate. The top and bottom surfaces are z = +h/2 and z = -h/2, respectively. The line R
= 0 is the axis of the plate. The equation of motion governing transverse axisymmetric vibration of the present model
(Figure 1) is given by [8]
(1) (1)
where w is the transverse deflection, D the flexural rigidity and  the Poisson’s ratio and a comma followed by a
suffix denotes the partial derivative with respect to that variable.
For a harmonic solution, the deflection w can be expressed as
(2)
where is the radian frequency. The Eq. (1) reduces to
(3)
Assuming that the top and bottom surfaces of the plate are ceramic and metal-rich, respectively in which the
variations for the Young's modulus E(R, z) and the density (R, z) in both radial and transverse directions are given
by
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(4)
(5)
where Ec, c and Em, m denote the Young's modulus and the density of ceramic and metal constituents,
respectively, g the volume fraction index of the material, the heterogeneity parameter and the density parameter.
Fig. 1. Functionally graded circular plate under uniform tensile force No
For the present model of the plate, the flexural rigidity and mass density of the plate material i.e.
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Using Eq. (6) and Eq. (7) together with the non-dimensional variables r = R/a, f =W/a into Eq. (3), one gets
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Eq. (8) is a fourth order differential equation with variable coefficients whose exact solution is not possible. The
approximate solution with appropriate boundary and regularity conditions has been obtained employing generalized
differential quadrature method.
2.1. Boundary Conditions: Simply Supported Edge-
(9)
Where Mr is the radial bending moment.
2.2. Regularity Condition
For the axisymmetric boundary conditions, the regularity condition at the centre ( ) of the circular plate can be
defined as
(10)
3. Method of solution
Following [9], discretizing Eq. (8), we get
(11)
The discretized form of the boundary and regularity conditions (9, 10) will be
Simply supported edge condition:
(12)
Regularity condition:
(13)
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The satisfaction of Eq. (11) at internal grid points together with the regularity
condition (13) provides a set of equations in terms of unknowns . The resulting
system of equations can be written in the matrix form as
(14)
where F and C are the matrices of order and , respectively.
For a simply supported plate, the set of two homogeneous equations obtained from Eq. (12) together with the field
equation (14) gives a complete set of m equations in m unknowns which can be written in the matrix form as
(15)
where is a matrix of order .
For a non-trivial solution of Eq. (15), the frequency determinant must vanish and hence
(16)
The generalized differential quadrature method (GDQM) has been used to discretize the derivatives in the governing
equations and the boundary condition.
4. Results and discussion
The frequency Eq. (16) provides the values of the frequency parameter . Using MATLAB, the lowest three roots
of these equations have been obtained and reported as the frequencies for the first three modes of vibration. The
influence of various parameters i.e. in-plane force parameter N, volume fraction index g, foundation parameter Kf,
heterogeneity parameter and density parameter have been analysed on the frequency parameter for the simply
supported boundary condition. The values of Young’s modulus and density for aluminium as metal and alumina as
ceramic constituents are taken as follows: 370 GPa, 2,702 kg/mm mE ρ  and 3380 GPa, 3,800 kg/mc cE ρ 
The variation in the values of Poisson's ratio is assumed to be negligible all over the plate and its value is taken as
= 0.3. From the literature, the values of various parameters are taken as follows:
Volume fraction index g = 0, 2, 5; In-plane force parameter N = -20, 0, 20;
Foundation parameter Kf= 10, 50, 100; Heterogeneity parameter = -0.5, 0, 1 and Density parameter = -0.5, 0, 1.
In order to choose an appropriate value of the grid points ‘m’, a computer program has been developed and
run for various values of the plate parameters. The convergence of frequency parameter  for the first three modes
of vibration for a specified plate taking = -0.5, = -0.5,g= 5, N = 20 and Kf = 100 is shown in Table 1, as
maximum deviations were observed for this data. The frequency parameter  converges with the increasing value of
m. The value of m has been fixed as 18, as there was no further improvement in the values of  even at the fourth
place of decimal.
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Table 1.Convergence study for first three modes of vibration for  =-0.5,  = -0.5, g = 5, N = 20, Kf = 100
m First mode Second mode Third mode
11 19.0419 40.8810 75.3687
12 19.0421 40.8805 75.5233
13 19.0421 40.8804 75.5238
14 - 40.8805 75.5153
15 - 40.8805 75.5155
16 - - 75.5158
17 - - 75.5158
18 - - -
Figure 2 shows the effect of volume fraction index g on the frequency parameter  for N = -10, 0, 20; = -0.5,
= -0.5; Kf = 50. It has been observed that the frequency parameter  decreases with the increasing values of g for
both tensile as well as compressive in-plane forces except in the fundamental mode for N = 0 and 20. Figure 3
depicts the effect of in-plane force parameter N on the frequency parameter  for g = 0, 5; = = -0.5 and Kf = 50.
It is found that the value of frequency parameter increases with the increasing value of N for both the values of g.
This effect is more prominent for N<0 as compared to N> 0 for both the plates and increases with the increase in the
number of modes. The plots for heterogeneity parameter  and density parameter verses frequency parameter 
for N = 0, 20 and for two values of g = 0, 5 for Kf= 50 have been shown in Figures 4(a, b). It is found that the
frequency parameter  increases as the stiffness of the plate increases in the radial direction i.e. the value of 
change from -0.5 to 1 and it decreases with the increasing values of from -0.5 to 1.Figure 5 shows the graph for
foundation parameter Kf verses frequency parameter  for two different values of volume fraction index g = 0, 5
taking = -0.5, = -0.5; N = 20. It can be seen that the frequency parameter  increases with the increasing values
of foundation parameter Kf. Three dimensional mode shapes for the first three mode shapes of vibration have been
plotted in Figure 6.
Fig. 2. Frequency parameter  vs. volume fraction index g for  =  = -0.5;Kf = 50
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Fig.3. Frequency parameter  vs. in-plane force parameter N for = = 1; Kf= 50
Fig. 4. Frequency parameter  vs. (a) heterogeneity parameter for = -0.5 (b) density parameter for = -0.5 taking Kf= 50
Fig. 5. Frequency parameter  vs. foundation parameter Kf for = = -0.5; N = 20
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Fig. 6. First three mode shapes for g = 5, N = 30, = = -0.5, Kf = 50
Table 2. Critical buckling loads in compression
Kf 10 50 100
α -0.5 0 1 -0.5 0 1 -0.5 0 1
β
g
-0.5,0,1 -0.5,0,1 -0.5,0,1 -0.5,0,1 -0.5,0,1 -0.5,0,1 -0.5,0,1 -0.5,0,1 -0.5,0,1
0 -12.3748 -8.7866 -27.2171 -17.8832 -21.3480 -32.0269 -24.3420 -27.6524 -37.8216
2 -7.0025 -8.8471 -14.4903 -12.2975 -13.9890 -19.1896 -17.5527 -19.5117 -24.5714
5 -5.9775 -7.4758 -12.0650 -11.1486 -12.5282 -16.7102 -15.6940 -17.5935 -21.8780
Table 3.Comparison of critical buckling load parameter Ncrfor isotropic plate (g = 0, =0, = 0, Kf = 0)
Ref. First mode Second mode Third mode
Present 4.1978 29.0452 73.4768
Gupta and Ansari [10] 4.1978 29.0452 73.4768
Vol'mir  [11] 4.1978 29.0452 73.4768
Pardoen [12] 4.1978 29.0495 73.5495
By allowing the frequency to approach zero, the values of critical buckling load parameter Ncr in compression for
g = 0, 2, 5; = -0.5, 0, 1 and Kf = 10, 50 100 have been reported in Table 2. The analysis shows that the value of Ncr
does not depend upon the density parameter . The values of critical buckling load parameter Ncr decrease with the
increasing value of the volume fraction index g for both the boundary conditions whereas the value of Ncr increases
with the increasing values of for all the values of g for both the plates. A comparative study for critical buckling
load parameter Ncr and frequency parameter for an isotropic plate have been presented in Table 3 and Table 4. An
excellent agreement among the results has been noticed.
Table 4.Comparison of frequency parameter   for N = 0, g = 0, =0, = 0,Kf = 0
Ref. First mode Second mode Third mode
Present 4.9351 29.7200 74.1561
Leissa [8] 4.977 29.76 74.20
Selmane and Lakis [13] 4.935 29.720 74.158
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5. Conclusions
From the numerical results, the following conclusions can be made-

 The value of frequency parameter  increases as the plate becomes stiffer and stiffer in the radial
direction.

 The value of frequency parameter  decreases as the plate becomes more and more dense in the radial
direction.

 The frequency parameter and critical buckling load parameter increases with the increase in the values
of foundation parameter.

 With the increase in the values of volume fraction index, the frequency parameter and critical buckling
load parameter decreases irrespective to the values of the plate parameters.
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